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Abstract
We propose a new characterization of dual bases in ﬁnite ﬁelds. Let A = (1, . . . , n) be a basis of F over Fq and its dual basis
B = (1, . . . , n) with the transition matrix C ∈ GLn(Fq) such that (1, . . . , n) = (1, . . . , n)C. We show that T Tk = C−1TkC
holds for all 1kn, where Tk ∈ Mn(Fq) satisﬁes k(1, . . . , n) = (1, . . . , n)Tk . Conversely, suppose F = Fq(k′) and
T T
k′ = G−1Tk′G for some 1k′n and G ∈ GLn(Fq), then B is equivalent to (1, . . . , n)G. As applications, we can construct
the dual basis of a given basis A or determine whether the dual basis of A satisﬁes the desired conditions from Tk . This generalizes
the results obtained by Liao and Sun for normal bases. Furthermore, we give a simple proof of the theorem of Gollmann, Wang and
Blake for polynomial bases.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
For a prime power q and an integer n1, let Fq and F=Fqn be the ﬁnite ﬁelds with q and qn elements, respectively.
Then F can be viewed as a vector space of dimension n over Fq . Two types of bases are of particular interest, namely,
normal bases of the form (, q, q2 , . . . , qn−1) and polynomial bases of the form (1, , 2, . . . , n−1). The trace
function Tr : F −→ Fq is deﬁned for  ∈ F by
Tr() =  + q + · · · + qn−1 .
It can be shown that Tr is a linear mapping from F to Fq and every linear mapping from F to Fq is of the form
Tr() = Tr() for some  ∈ F. Given an ordered basis A = (1, . . . , n) of F over Fq , its dual basis is deﬁned to be
a basis B = (1, . . . , n) satisfying
Tr(ij ) = ij for i, j = 1, 2, . . . , n,
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where ij denotes the Kronecker delta function. If A = B, A is said to be self-dual. Two bases A and A′ are said to be
equivalent if A = A′ for some  ∈ F∗.
Dual bases, normal bases and polynomial bases have been proved very useful for fast arithmetic computations in ﬁnite
ﬁelds (multiplication, exponentiation, discrete logarithm; e.g. see [1,10,15,17]) and in applications to coding theory,
cryptography, and the discrete Fourier transform (see [2–4,14]). Thus there is a great deal of literature concerning these
bases. Some well-known results concerning dual bases in ﬁnite ﬁelds are listed below:
(1) Each basis of F over Fq has a unique dual basis and the dual basis of a normal basis is again a normal basis (see
[10, pp. 115, 117]).
(2) There does not exist a self-dual polynomial basis of F over Fq for n2 (see [9], or [10, p. 136]).
(3) F/Fq has a self-dual basis if and only if q is even or both n and q are odd (see [10, p. 127]).
(4) F/Fq has a self-dual normal basis if and only if n is odd or both n and q are even and n is not divisible by 4
(see [11]).
Since not all extension ﬁelds contain self-dual bases, the concept of a weakly self-dual basis has been developed,
which is also useful in designing ﬁnite multipliers (see [7,10, p. 138; 19]). An ordered basis A = (1, . . . , n) with
associated dual basis B = (1, . . . , n) is weakly self-dual if there exists an element  ∈ F∗ and a permutation  ∈ Sn
so that
i = (i) for i = 1, 2, . . . , n.
Here Sn denotes the symmetric group of degree n. Clearly, if  is the identity permutation, then A and B are equivalent.
In particular, if  is the identity and  = 1, then A is self-dual.
In this paper we propose a matrix characterization of dual bases in ﬁnite ﬁelds which generalizes the results recently
obtained by Liao and Sun for the normal bases in ﬁnite ﬁelds. The paper is organized as follows: in Section 2, we ﬁrst
introduce the concept of the kth multiplication table Tk of a given basis A and then give our main theorem based on the
properties of Tk . It will be shown that we can construct the dual basis of a given basis A or determine whether the dual
basis of A satisﬁes the desired conditions from Tk . In Section 3, some applications of the main theorem are provided,
including relatively simple alternative proofs to existing theorems.
2. Preliminaries and the main theorem
Throughout the paper, we shall use the following notation:
• Let A = (1, . . . , n) be a basis of F over Fq ;
• Let B = (1, . . . , n) be the dual basis of A;
• Let C ∈ GLn(Fq) be the matrix associated with the coordinate transformation from A to B, i.e.,
(1, . . . , n) = (1, . . . , n)C.
Here the bases A and B are regarded as row vectors;
• For a matrix G ∈ GLn(Fq), let GT denote the transpose of G.
Deﬁnition 1. For 1kn, we deﬁne the kth multiplication table Tk of the basis A as the matrix in Mn(Fq) of the
linear transformation x → kx with respect to the basis A, i.e.,
k(1, . . . , n) = (1, . . . , n)Tk .
We note that there are several different deﬁnitions for “multiplication table” in the literature. The deﬁnition here is
a generalization of the ﬁrst multiplication table T1 of a normal basis, which is most important and has been studied
extensively (see [5,6,16]). We will see later that the second multiplication table T2 of a polynomial basis is very useful
because of its special form. In what follows, we always let Tk=(t(k)i,j )with entries t (k)i,j ∈ Fq denote the kth multiplication
table of A.
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Let A= (, q, . . . , qn−1) be a normal basis of F over Fq and its dual basis B = (, q, . . . , qn−1). Then i = qi−1
and i = q
i−1
for i = 1, . . . , n. Liao and Sun [12] showed that B = A for some  ∈ F∗q if and only if t (1)j,i = t (1)i,j for
i, j = 1, . . . , n. In [13], the same authors further showed that i = i+r mod n for some  ∈ F∗q and 0rn− 1 if and
only if t (1)j,i = t (1)i+r mod n,j+r mod n for i, j = 1, . . . , n. In fact, their results are just a special case of our Theorem 2 (cf.
Corollary 7).
Theorem 2 (Main Theorem). LetA= (1, . . . , n) be a basis of F over Fq and its dual basisB= (1, . . . , n)with the
transition matrixC ∈ GLn(Fq) such that (1, . . . , n)=(1, . . . , n)C. Then for any 1kn,we have T Tk =C−1TkC,
where Tk ∈ Mn(Fq) is the kth multiplication table of A satisfying k(1, . . . , n)=(1, . . . , n)Tk .Conversely, suppose
F = Fq(k′) and T Tk′ = G−1Tk′G for some 1k′n and G ∈ GLn(Fq), then B is equivalent to (1, . . . , n)G.
Proof. Fix a 1kn. Let k(1, . . . , n)= (1, . . . , n)Dk with Dk = (d(k)i,j ) ∈ Mn(Fq). Since A and B are mutually
dual, we have Tr(kij )=Tr(
∑n
l=1t
(k)
l,i lj )=
∑n
l=1t
(k)
l,i Tr(lj )=t (k)j,i . On the other hand, Tr(kij )=Tr(ikj )=
Tr(i
∑n
l=1d
(k)
l,j l ) =
∑n
l=1d
(k)
l,j Tr(il ) = d(k)i,j . So Dk = T Tk . Since Tk and Dk can be viewed as the matrices of the
same linear transformation x → kx with respect to the bases A and B, respectively, and C is the matrix associated
with the coordinate transformation from A to B, we have Dk = C−1TkC. So T Tk = C−1TkC.
Conversely, suppose F = Fq(k′) and T Tk′ = G−1Tk′G for some 1k′n and G ∈ GLn(Fq). Since T Tk′ = C−1Tk′C,
we get C−1Tk′C = G−1Tk′G and so GC−1Tk′ = Tk′GC−1. LetL,LT denote two linear transformations of F whose
matrices with respect to the same basisA areGC−1 and Tk′ , respectively. ThenL◦LT =LT ◦L. NoteLT (x)=k′x.
It follows that L(k′x) = k′L(x). Hence L(∑n−1i=0 (aiik′)x) =
∑n−1
i=0 (aiik′L(x)) = (
∑n−1
i=0 aiik′)L(x) for ai ∈
Fq(i = 1, . . . , n). Since F = Fq(k′), we getL(x) = L(x) for all  ∈ F. Let  =L(1). ThenL() = . So we
get (1, . . . , n) = (1, . . . , n)GC−1 ⇒ (1, . . . , n)C = (1, . . . , n)G ⇒ (1, . . . , n) = (1, . . . , n)G.
Clearly,  
= 0. 
Since for a normal basis A= (, q, . . . , qn−1) we have F=Fq()=Fq(q)=· · ·=Fq(qn−1) and for a polynomial
basis A = (1, , 2, . . . , n−1) we have F = Fq(), there are two immediate corollaries to Theorem 2.
Corollary 3. Let A = (, q, . . . , qn−1) be a normal basis of F over Fq and B its dual basis. For any 1kn, if
T Tk = G−1TkG with some G ∈ GLn(Fq), then B is equivalent to (, q, . . . , q
n−1
)G.
Corollary 4. Let A = (1, , . . . , n−1) be a polynomial basis of F over Fq and B its dual basis. If T T2 = G−1T2G for
some G ∈ GLn(Fq), then B is equivalent to (1, , . . . , n−1)G.
3. Applications
As applications, the ﬁrst part of Theorem 2 can be used to determine whether a given basisA has a desired dual basis.
Furthermore, if the condition F = Fq(k) in Theorem 2 is satisﬁed (which is usually satisﬁed since the normal bases
and polynomial bases are often used in applications; cf. Corollaries 3 and 4), then we can construct the dual basis of
A just by using the multiplication table Tk . Suppose T Tk = G−1TkG for some G ∈ GLn(Fq). As indicated in Theorem
2, there must exist a  ∈ F∗ such that (1, . . . , n)G is just the dual basis of A. We illustrate these by dealing with
some special cases.
Weakly self-dual bases are closely related to permutation matrices. For  ∈ Sn, let P denote the permutation matrix
whose ith column is the (i)th column of I, the identity matrix. We state some basic properties of P that can be easily
checked and we omit their proofs.
Lemma 5. Let (ai,j ) ∈ Mn(K) with K a ﬁeld and  ∈ Sn. Then
(1) P is orthogonal, namely, P T P = I .
(2) P T (ai,j )P = (a(i),(j)).
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(3) Let c(i) denote the set of entries of the (i)th row of thematrixP T (ai,j )P, then c(i)={a(i),(1), . . . , a(i),(n)}=
{a(i),1, . . . , a(i),n}. This shows that the set of entries of each row of (ai,j ) remains unchanged by the transfor-
mation P T (ai,j )P. This law is also valid for the entries of each column of (ai,j ).
Theorem 6. Let A= (1, . . . , n) be a basis of F over Fq and Tk = (t(k)i,j ) (k = 1, . . . , n) be its kth multiplication table
of A.
(1) If A has a weakly self-dual basis B = (1, . . . , n) such that i = (i) for i = 1, . . . , n with some  ∈ F∗ and
 ∈ Sn, then t (k)j,i = t (k)(i),(j) for i, j, k = 1, . . . , n.
(2) If A has a weakly self-dual basis B = (1, . . . , n) such that i = i+r for i = 1, . . . , n with some  ∈ F∗ and
0rn− 1, then t (k)j,i = t (k)i+r,j+r for i, j, k = 1, . . . , n, where the values of i + r and j + r take the least positive
integers modulo n.
(3) If the dual basis B is equivalent to A then t (k)j,i = t (k)i,j for i, j, k = 1, . . . , n.
Furthermore, under the additional assumption that F = Fq(k′) for some 1k′n, all the converses of the above
statements are also true.
Proof.
(1) Note i = (i) for some  ∈ F∗ and  ∈ Sn if and only if C = P. By Lemma 5 and Theorem 2, the
result that t (k)j,i = t (k)(i),(j) for i, j, k = 1, . . . , n follows. Conversely, suppose F = Fq(k′) and t (k
′)
j,i = t (k
′)
(i),(j)
for some 1k′n and i, j = 1, . . . , n. Clearly, T T
k′ = P−1 Tk′P and P ∈ GLn(Fq). By Theorem 2, we have
(1, . . . , n) = (1, . . . , n)P for some  ∈ F∗, i.e., i = (i) for i = 1, . . . , n.
(2) Take (i)= i+ r (mod n). Note in this case, P is also a circulant matrix since its rows are generated by successive
cyclic shifts of its ﬁrst row. Then apply Part (1).
(3) Take (i) = i (mod n). Note in this case, P = I . Then apply Part (2). 
Now we consider the weakly self-dual bases of a normal basis. As introduced in Section 2, some of the following
results have also been obtained by Liao and Sun [12,13].
Corollary 7. Let A = (, q, . . . , qn−1) be a normal basis of F over Fq .
(1) A has a weakly self-dual basis B = (1, . . . , n) such that i = (i) for i = 1, . . . , n with some  ∈ F∗ and
 ∈ Sn if and only if t (k)j,i = t (k)(i),(j) for i, j, k = 1, . . . , n.
(1) Furthermore, suppose A has a weakly self-dual basis B = (1, . . . , n) such that i = (i) for i = 1, . . . , n with
some  ∈ F∗, then the following statements are equivalent: (a)  ∈ F∗q , (b)(i)=i+r (mod n), (c) =(Tr(qr+1))−1
for some 0rn − 1.
(2) A has a weakly self-dual basis B = (1, . . . , n) such that i = i+r for i = 1, . . . , n with some  ∈ F∗ and
0rn − 1 if and only if t (k)j,i = t (k)i+r,j+r for i, j, k = 1, . . . , n and  = (Tr(q
r+1))−1.
(3) B = A if and only if t (k)j,i = t (k)i,j for i, j, k = 1, . . . , n and  = (Tr(2))−1.
(4) A is self-dual if and only if t (k)j,i = t (k)i,j for i, j, k = 1, . . . , n and Tr(2) = 1.
Proof. (1) The ﬁrst part comes directly from Theorem 6 Part (2) and Corollary 3. We prove the second part. Let
B = (, q, . . . , qn−1) be the dual basis of A and write i = qi−1 and i = q
i−1
for i = 1, . . . , n.
(a) ⇒ (b). Suppose i = (i) for i = 1, . . . , n with some  ∈ F∗q and  ∈ Sn. Then i = (i) = q(i)−1 .
On the other hand, i = q
i−1 = ((1))qi−1 = qi−1q(1)+i−2 = q(1)+i−2 . Thus we get q(i)−1 = q(1)+i−2 implying
(i) − 1 ≡ (1) + i − 2 (mod n). It follows that (i) = i + r (mod n) with r = (1) − 1.
(b) ⇒ (c). Suppose (i)= i+ r (mod n). Then i =i+r =qi+r−1 . On the other hand, i =q
i−1 = (1+r )qi−1 =
q
i−1
q
i+r−1
. Thus we get = qi−1 for i = 1, . . . , n implying  ∈ F∗q . Since 1 = Tr() = Tr((1)) = Tr(qr+1),
we have  = (Tr(qr+1))−1.
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(c) ⇒ (a) is trivial.
Parts (2–4) are just the consequences of Part (1). 
Finally, we will show that the weakly self-dual bases of a polynomial basis of F over Fq are always of special
forms. More precisely, let A be a polynomial basis and its dual basis B = (1, . . . , n) satisfying that i = (i) for
all i = 1, . . . , n with some  ∈ F∗ and  ∈ Sn, then we must have (i) = i + r (mod n) for some 0rn − 1. We
start by studying the second multiplication table of a polynomial basis. For the sake of brevity, write T := T2 and
(ti,j ) := (t(2)i,j ). It is easy to see that the matrix T is of the form
T =
⎛
⎜⎜⎜⎜⎝
0 0 · · · 0 t1,n
1 0 · · · 0 t2,n
0 1 · · · 0 t3,n
...
...
. . .
...
...
0 0 · · · 1 tn,n
⎞
⎟⎟⎟⎟⎠
with the entries of the last column (t1,n, t2,n, t3,n, . . . , tn,n)T satisfying
n = t1,n + t2,n + t3,n2 + · · · + tn,nn−1.
Clearly, the minimal polynomial of  is just
f (x) = xn − tn,nxn−1 − · · · − t2,nx − t1,n.
And the transpose of T is
T T =
⎛
⎜⎜⎜⎜⎝
0 1 0 · · · 0 0
0 0 1 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 0 1
t1,n t2,n t3,n · · · tn−1,n tn,n
⎞
⎟⎟⎟⎟⎠
.
Corollary 8. Let A= (1, , . . . , n−1) be a polynomial basis of F over Fq . Then there is no dual basis of A equivalent
to A for n3. In particular, there is no self-dual basis of A for n2.
Proof. Suppose n3. Note t1,2 =1 and t2,1 =0. Thus T is not symmetric. By Theorem 6 Part (3), B is not equivalent to
A. So there is no self-dual basis ofA for n3.AssumeA=B=(1, ) for n=2, then we get 1=Tr(1 ·1)=Tr(1)=n=2,
a contradiction. So there is no self-dual basis of A for n2. 
Corollary 8 slightly generalizes Imamura’s theorem (see Section 1).
Corollary 9. Let A = (1, , . . . , n−1) be a polynomial basis of F over Fq . Then A is weakly self-dual if and only if
the entries ti,n (i = 1, . . . , n) on the last column of T satisﬁes either of the following conditions:
(1) t1,n 
= 0 and t2,n = t3,n = · · · = tn,n = 0,
(2) t1,n = 1, tk+1,n 
= 0 for some 1kn − 1 and all others equal 0,
and the permutation  that yields the dual basis is given by (i) = k − 1 − i (mod n). (For the ﬁrst case, set k = 0.)
Proof. Suppose A is weakly self-dual, then there exists  ∈ Sn such that T T = P T T P , i.e., tj,i = t(i),(j) for
i, j = 1, 2, . . . , n. We ﬁrst claim that t1,n 
= 0 and the number of nonzero entries on the last column of T 2. The
ﬁrst assertion holds because of the irreducibility of f (x) and the second comes from the fact that there are at most
two nonzero entries on each column of T T and Lemma 5 Part (3). Therefore, it remains to show that if tk+1,n 
= 0 for
some 1kn − 1 and others except t1,n equal 0, then we must have t1,n = 1. Assume t1,n 
= 0, 1. Then t1,n in T T is
possibly obtained only from t1,n or tk+1,n in T by the transformation P T T P . For the former case, we have (n) = 1
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and (1)=n implying that tk+1,n = t(n),(k+1) = t1,(k+1). Note tk+1,n 
= 0 and t1,1 =· · ·= t1,n−1 =0, so (k+1)=n
which contradicts (1)=n. For the latter case, we have (n)=1 and (k+1)=n implying that t1,n= t(n),(1)= t1,(1).
Similarly we get (1) = n which contradicts (k + 1) = n.
Conversely, if the entries ti,n (i = 1, . . . , n) satisﬁes either of the conditions (1) and (2) above, it is easy to verify
that for the permutation (i) = k − 1 − i (mod n), we have tj,i = t(i),(j) for i, j = 1, 2, . . . , n. 
Since the minimal polynomial of  is just f (x)=xn− tn,nxn−1−· · ·− t2,nx− t1,n, we get the following corollary that
characterizes the weakly self-dual polynomial bases by irreducible polynomials, which was obtained independently by
Gollmann [8] and Wang and Blake [18] (see also [10, pp. 139–141]).
Corollary 10 (Gollmann [8], Wang and Blake [18]). Let A = (1, , . . . , n−1) be a polynomial basis of F over Fq .
Then A has a weakly self-dual polynomial basis if and only if the minimal polynomial of  is either a trinomial
f (x)= xn − cxk − 1 or a binomial f (x)= xn − d . Furthermore, the permutation  that yields the dual basis is given
by (i) = k − 1 − i (mod n). (If f (x) is a binomial, set k = 0.)
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